
P. W. H I G G S  241 

COULSO~, C.A., HtGGS, P .W.  & M~ARCH, N.H.  (1951). 
Nature, Lond. 168, 1039. 

JAMES, R . W .  & BRINDLEY', G . W .  (1931). Phil. Mag. 
12, 81. 

KLEME~T, O. (1951). Helv. Chim. Acta, 34, 2230. 
MARCH, N. t{. (1952). Acta Cryst. 5, 187. 

MATHIESOI~, A. McL., I~OBERTSOI~, J. lVi. & SINCLAIR, 
V.C. (1950). Acta Cryst. 3, 251. 

i~ICWEENY, R. (1951). Acta Cryst. 4, 513. 
MCWEEI~Y, R. (1952). Acta Cryst. 5, 463. 
SLATER, J .C.  (1930). Phys. Rev. 36, 57. 
TORRA_~CE, C. (1934). Phys. Rev. 45, 388. 

Acta Gryst. (1953). 6, 241 

The Crystal Structure of DL-Serine* 
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(Received 28 July 1952) 

The crystal  s t ructure  of DL-serine has  been determined b y  the  use of complete da ta  accessible wi th  
Cu Kc~ radiat ion.  A sat isfactory tr ial  s t ructure  was quickly obta ined from a three-dimensional  
Pa t te r son  funct ion by  the applicat ion of a new method  for i~aterpreting these functions.  This method,  
called the Patterson superposition method, is related to several other  methods  recent ly  proposed, 
such as the vector convergence method  of Beevers & Rober tson,  bu t  differs from them in procedure 
and  criteria employed. 

The atomic parameters  were refined b y  three-dimensional  Fourier  and  least-squares procedures. 
In te ra tomic  distances and  in terbond angles are close to those expected, and  there is a sat isfying 
sys tem of hydrogen  bonding th roughout  the crystal .  

Introduction 
Within the past  decade and a half, determinations 
have been made in these Laboratories of the crystal 
structures of a number of amino acids and related 
substances by X-ray diffraction methods. The crystal 
structures of diketopiperazine (Corey, 1938), glycine 
(Albrecht & Corey, 1939), DL-alanine (Levy' & Corey 
1941), Ls-threonine (Shoemaker, Donohue, Schomaker 
& Corey, 1950), acetylglycine (Carpenter & Donohue, 
1950), #-glycylglycine (Hughes & Moore, 1949) and 
hydroxy-L-proline (Donohue & Trueblood, 1952) have 
been determined, and the positional parameters for 
DL-alanine (Donohue, 1950) have been further refined. 
The bond distances and bond angles, modes of 
hydrogen bonding, and steric relationships of the 
molecules of these substances have been found very 
useful in the formation of conceptions and definite 
conclusions regarding the configurations of polypeptide 
chains in proteins (Corey & Donohue, 1950; Corey, 
1940, 1948). These past investigations, together with 
the present one and others now in progress, are a par t  
of a current program of research on the structure of 
protein molecules at this Institute.  Because of its 
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importance to the amino acid and protein program, 
DL-serine (~-amino-fl-hydroxypropionic acid) received 
attention in these Laboratories first in 1942, when its 
unit  cell and space group were determined (Lu, un- 
published work). Continuation of tha t  work was un- 
successful in revealing the structure, which did not 
appear to be amenable to t rea tment  by the two- 
dimensional methods which were used. 

In  the investigation of the crystal structure of 
threonine (Shoemaker et al., 1950) the use of the three- 
dimensional Pat terson function enabled the deter- 
mination of the approximate structure to be made in 
the face of a complexity tha t  had defied two-dimen- 
sional methods and trial-and-error procedures. Conse- 
quently the decision was made to resume work on 
DL-serine with the intention of applying the three- 
dimensional Patterson method. This method led 
quickly to the approximate structure and was, more- 
over, also used to advantage in carrying out a pre- 
l iminary refinement of parameters, thereby obviating 
altogether the use of Fourier projections and trial- 
and-error procedures for this purpose, since parameters 
of sufficient precision to justify immediate use of 
three-dimensional least-squares and Fourier refine- 
ment  methods were obtained. These methods quickly 
converged to give the final atomic positional" para- 
meters. 

Experimental 

The DL-serine used in this work was prepared by Dr 
Roland N. Icke, and was made available to us by 
Prof. Carl Niemann of this Institute.  Crystals for use 
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D e t e r m i n a t i o n  o f  t h e  t r i a l  s t r u c t u r e  

In  preparation for the calculation of the three- 
dimensional Patterson function the values of IF^, ,I 

were  sharpened (Patterson, 1935) and multiplied by 
a modification function (Waser, 1944; Schomaker, 

1947; Shoemaker, 19471 of the form (2sin0/;t)  4 
exp ( -~2(2  sin 0/2) 2) with ~ = 2.2 A. This function 
has a zero value at 0 -- 0 and a very small value at  
the limit of the data, and has a maximum value at  
about half the maximum value of sin 0. I ts  Fourier 
transform, which gives the peak shape to be expected 
for a resolved interaction, has a half-width at  half- 
maximum of about 0-4 A, and possesses a shallow 
minimum (of depth approximately 10% of the peak 
height) about 0.9 A from the peak center. There is 
a very slight maximum (about 1% of the peak height) 
at about 1.6 A, and no other significant maxima or 
minima. This peak shape is better, from the standpoint 
of a suitable compromise between resolving power and 
relative freedom from effects due to non-convergence, 
than the peak shape tha t  would have been obtained 
either from the use of the unmodified ~,2 or from the 
sharpened F2/ f  2 values. 
• The punched-card calculations for the three- 

dimensional Patterson function, as also for the three- 
dimensional Fourier syntheses later on, were carried" 
out by a procedure developed by Prof. Verner Scho- 
maker. All of these three-dimensional functions were 
calculated at  intervals of a0/60, b0/30, and c0/15. The 
corresponding spacings of the calculated points are 
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Fig. 1. Sequence of operations involved in the determinat ion 
of the structure and the refinement of positional parameters.  

in intensity work, which were grown from water 
solution, were reduced to cylinders about 0.4 mm. in 
diameter by  means of a fine camels-hair brush 
moistened with water. The crystals were found on 
goniometric examination to be monoclinic holohedral 
with 

ao.bo:c o = 1.176"1:0.528 and fl = 106 ° 31 ' .  

The Laue symmetry  was found to be C2h. Rotat ion 
photographs were taken around each of the three 
principal axes with Cu Kc¢ radiation (;t = 1.5418/~); 
measurements of the layer line spacings gave approxi- 
mate lattice constants which were used to index 
equatorial reflections on oscillation photographs. 
Measurements of these reflections gave a unit cell with 
the following values for the lattice constants: 

a0=10.72±0.02 , b0=9.14±0.02 , c0=4.825±0.006 A; 
fl= 106 ° 2 7 ' ± 4 ' .  

The quoted uncertainties are standard deviations. 
There are four molecules of serine (HO'--CH 2 -  
CH(NH+)-CO~ -) in this unit cell (3.99 calculated from 
the density of 1.537 g.cm. -a reported by Albrecht, 
Schnakenberg, Dunn & MeCullough (19431). The cal- 
culated axial ratios, 1.173" 1"0.528, are in good agree- 
ment with the values obtained optically. The lattice 
parameters found by  Albrecht et al. are 10.74, 9.15, 
4-78 J~, and 106 ° 13'; their axial ratios are 1.174" 1" 
0.5224 (X-ray) and 1-194:1:0.522 (optical). Weissen- 
berg photographs taken with nickel-filtered Cu K s  
radiation demonstrated the presence of (0/c0) reflec- 
tions only with /c even and of (hO1) reflections only 
with h even. These observa.tions lead uniquely to the 
centrosymmetric space group C~h-P2z/a, in agreement 
with the result of Albrecht et al. 

Three-dimensional intensity data  were obtained 
from eqni-inclination Weissenberg photographs taken 
with nickel-filtered Cu K s  radiation for all layer lines 
w i th  equi-inclination angles less than 30 °, with each 
of two crystals rotated respectively around their b and 
c ~xes. The estimation of intensities was facilitated 
by means of intensity strips and the multiple-film 
technique. The values of IF~,~] ~, obtained from the 
intensities in the usual way, were placed on an 
absolute scale by  the method of Wilson (19421. The co- 
efficient B in the temperature factor, exp ( - B s i n  20/~'), 
was found to have the value 1.7 J~2. With the use of 
this temperature factor, atom form factor curves 
(Internatlonale Tabellen, 1935) which include the 
temperature factor were prepared for use in the 
computat ion of calculated structure factors and of 
their derivatives later on. 
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Fig. 2. P a r t  of the  three-dimensional  P a t t e r s o n  funct ion ,  showing how posit ions of a toms  
N, O a, O 1 and  C 1 were obta ined.  

0.18, 0.30 and 0.32 A. The last two spacings are about 
as large as can be tolerated for precise work. 

The Patterson function was, as expected, com- 
paratively well resolved. The one-quarter cell within 
which the function was calculated contained about 50 
resolved" maxima (giving half weight to maxima on 
faces of the quarter-cell and quarter weight to those 
on edges). This is about half the expected number of 
interactions per quarter-cell, i.e. 98 excluding the 
origin peak, which was removed before the function 
was calculated (Patterson, 1935). 

The procedure which was followed in obtaining the 
structure from the Patterson function is outlined 
briefly in Fig. 1, and is illustrated in Figs. 2-4. 

No immediate at tempt was made to construct the 
molecule out of interactions corresponding to co- 
valently bonded distances, as this procedure did not 
prove fruitful in the case of threonine. A search was 
made for peaks at a distance of about 2.25 J~ from 
the origin in the hope of determining the relative 
orientation of the two carboxyl oxygen atoms. Such 
a peak was found, but it did not appear to be com- 
pletely resolved. The first progress toward an inter- 
pretation of the Patterson function was made by use 
of peaks on the Harker section (u, ½, w), the Harker 
line (½, v, 0), and the zero section parallel to the 
Harker section (u, 0, w), together with some other 
more general peaks. 

The Harker section was not of much value by itself, 
because of the large number of non-Harker inter- 
actions on it. However, these non-Harker interactions 
are related to the general peaks on the zero section 
(Albrecht & Corey, 1939). Vector additivity relations 
were found involving one such peak on the zero section 

with three others on the Harker section, to give the 
x and z coordinates of two atoms, designated 1 and 2 
(see Fig. 2). The common y coordinate of these two 
atoms was found by making trial fits to the Harker 
lines and looking for additional required general peaks. 
Indications of four more atoms (3, 4, 5 and 6) were 
found to be spurious through inability to fit required 
Patterson interactions to peaks. The positions of two 
more atoms (7 and 8) were found in the same manner 
as 1 and 2, but ambiguity remained as to which of four 
equivalent pairs of Harker peaks on the section and 
two equivalent Harker peaks on the Harker line corre- 
spond to the arbitrary choice of Harker peaks to 
represent atoms 1 and 2. Of the eight possible choices 
all but one, with atoms 73 and 88, were ruled out 
through inability to fit required Patterson interactions 
to peaks. The relationships between the four atoms 
1, 2, 7'a" and 8~" and the Harker and general Patterson 
peaks are shown in Fig. 2. The primes distinguish 
among symmetry-equivalent atoms. 

P a t t e r s o n  s u p e r p o s i t i o n  m e t h o d  

In order to find the positions of additional atoms, 
the above rather unsystematic trial-and-error proce- 
dure was abandoned in favor of a method suggested 
originally by Prof. Verner Schomaker in 1948. This 
method, which we call the 'Patterson superposition 
method', is substantially identical in principle with 
the method applied in two dimensions by Buerger 
(1951), but differs from it somewhat in procedure and 
in the criteria employed. I t  is also related to the 
'vector convergence method' of Beevers & Robertson 
(1950), but is much more general; this last method, 

16" 
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according to its authors, 'is not generally applicable, 
since it depends upon the presence of a heavy atom, 
and upon the multiplicity of the space group'. 

The Patterson superposition method constitutes an 
operational procedure for carrying out a fundamental  
and straightforward interpretation of a Patterson 
function. In  principle no a priori structural knowledge 
is needed except knowledge as to the numbers, kinds 
and 'shapes' of the atoms present (and perhaps a 
minimum limit for interatomic distances) and present 
indications are tha t  this should usually prove true in 
practice. The most important  condition for the 
applicability of the method is tha t  at least a sub- 
stantial number or fraction of the Patterson peaks in 
a unit cell must be resolved 'interaction peaks', or 
resolvable into them (by application of a theoretically 
predicted peak 'shape') to the extent of assigning 
coordinates to the interaction points. This condition 
is better fulfilled for small unit  cells than for large 
ones, for typical organic structures than  for structures 
of special types in which there is considerable syste- 
matic clustering of interactions, for centrosymmetric 
structures than  for non-centrosymmetric ones, and for 
structures containing a few well-placed heavy atoms 
(when light atom-light  atom interactions can be 
neglected) than  for structures in which all atoms have 
comparable scattering powers, other things being con- 
stant  in each instance. Especially is it better fulfilled 
with a three-dimensional Patterson function than  with 
a projection; for moderately complicated organic struc- 
tures without heavy atoms or very severe structural 
limitations the difference is likely to be decisive. 

An obvious property of the Patterson function is 
tha t  if the origin of the function is placed at  any atom 
center, all atom centers must coincide with inter- 
action points; moreover, if two (or more) identical 
Patterson functions are placed with their respective 
centers at any atom centers, all atom centers must 
coincide with interaction points of both (or all) 
Patterson functions. Let, therefore, the Patterson 
function or projection be represented by contour lines 
drawn on each of two (or more) identical maps, or in 
three dimensions two (or more) identical sets of maps, 
designated P and P * ( . . .  P~), prepared on transparent  
paper. Each map in a set represents one of a number 
of closely and equally spaced 'levels' in the Patterson 
function. The interaction points may be marked on 
these maps, having been located by application of a 

theoretical interaction peak 'shape' (Fourier transform 
of the modified square of the form factor) either by 
eye or by more quanti tat ive means; or this may be 
done part ial ly or entirely in conjunction with the 
interpretive steps. An initially blank transparent-paper 
map or set of maps S is also made ready. Now any 
observed resolved interaction point may be considered 
by definition as representing a vector from atom X 1 
to atom Xg., the atoms being otherwise unspecified. 
Let now the atoms X 1 and X 2 be marked on S, in 
relative positions corresponding to the observed inter- 

action, and let the origin of P be placed at  X 1 and tha t  
of P* at X9 by superposing the maps (or in three 
dimensions interleaving the sets of maps) in the 
appropriate way. The map S, or in three dimensions 
one map of S at a time, is placed over an illuminated 
glass screen, with the required maps of P and P* in 
correct position underneath it, and coincidences be- 
tween interaction points on P and P* are marked on 
S with a symbol of some kind (see Fig. 3). Coincidence 

V V • 

x y z 
Onojn of P{u,v,w] at atom 2'  0"5"~ -0"17, -022 
Origin of P*(u.*v,*w*) at atom 73. 066. 009,  - 0 0 8  

Vecfor 2'--~7~"=0-09, 026, 0.14 (c. 2/15) 

Fig. 3. I l lus t ra t ion of the  Pa t t e r son  superposi t ion m e t h o d  of 
locating a toms  wi th  the  three-dimensional  Pa t t e r son  
function.  

or significant overlaps involving large peaks which 
cannot readily be resolved into component interactions 
are also marked, the lower significance of fit being 
indicated perhaps by making the symbol corres- 
pondingly smaller; here the judgments are somewhat 
intuitive, and involve consideration of tentat ive ab- 
straction of possible interaction points from the un- 
resolved peaks being considered. The a t tempt  to match 
interaction points objectively abstracted from peakS 
in all possible cases, and to make somewhat subjective 
or intuitive matches otherwise, constitutes an ad- 
ditional distinction between the present method and  
others which make use of a sum or product function of 
P and P*, or employ the minimum function of Buerger 
(1951). When all levels have been thus treated, S 
contains symbols representing possible positions of 
atoms relative to X 1 and X 2, half of which are due to 
a spurious center of symmetry  half way between X 1 
and X~ which should disappear in the next step. 
There may  also be other spurious symbols corres- 
ponding to accidental coincidences between unrelated 
interactions. 

In order to carry out the next step the 'best '  of the 
coincidences obtained in this way is labelled X 3 on 
S and the origin of P* (say) is moved to it, the origin 
of P remaining at X 1. Again coincidences are marked, 
this time with a different symbol, and should ap- 
proximately coincide with those obtained in the first 
step except where they are spurious. The process is 



D A V I D  P.  S H O E M A K E R ,  R O B E R T  E.  B A R I E A U ,  J E R R Y  D O N O H U E  AND C H I A - S I  LU 245 

Atoms 1,2, 73, 83 " 1 
previously found / 

(see text and Fig. 2)~ 

• ?~,~F--~ 
Atom I'" . . I / /  

~ '  Origin of P* / | 
for I> ~> 

Atom 8 3 
Origin of P * -  

for V 

Atom 7 3 / ~" 
Origin of P*.-  / for A 
(see Fig. 3) 

"~l Atom 2' J. 
Origin of P ~ 

oo~ oo'o 

] Co~nodences confirm] 
otoms I'" and 2 ' " ]  

/ 

I Atorn 2"'[ 

~-~. _ ~ 

t "  

@ 
/ 

/ 

,,,,, 
% 

/ 
/ 

/ 

- -~-i-, / Z~ 
/ 

/ 

'Three co,ncidences give --,-I Dist°nceS"o I / ' ~  
new atom, Atom II [73- II = 2"3A.I 

I 83_1 I}= 1"3/~. 

O,-C, 

- Prediction [ 
" of Atom C3] 

¢ 

. .  ¢ 

. I  " Pred ,~on I 
lot Ato~ c~ I 

¢ 

I ,  

0 7 tl 
Knowledge of the chemical l 

structure; opplicohon of 1 
standard bond d~stonces I 

and  angles J 

Fig. 4. I l lustration of the Pat terson superposition method of locating atoms with the three-dimensional Pat terson function. 
Only superpositions shown are those on layer 7/15 of P .  Origin of this figure is arbi trari ly taken at  tha t  of P ,  namely 
a t  a tom 2'. 

continued in the same way, taking the origins of P 
and P* at  different pairs of established atoms, inter- 
preting the best available multiple coincidences as 
additional established atoms Xn where necessary. 
Subject to practical limitations more than  two sets 
of Patterson maps may  be used at a t ime; the super- 
position of three or more Patterson functions does not 
in general have an unwanted center of symmetry.  The 
operation is carried through a number of steps (perhaps 
hal f  a dozen or so) until all of the atoms in the struc- 
tare  (except presumably hydrogens) are indicated by  
multiple coincidences in the form of clusters of super- 
position symbols on S, while any spurious symbols 
should be scattered more or less at random, or until 
enough atoms have been found to define the structure 
with the aid of any a priori  structural information 
available. The atoms need yet  to be identified as to 
kind, though in principle this could be done by 
quanti tat ive consideration of amplitudes of inter- 
action peaks. Symmetry  relations among some or all 
of the established atoms will appear in due course 
(probably at an early stage) and permit the representa- 
tion of symmetry  elements on S and the assignment of 
absolute positions to the atoms; this may  considerably 
facilitate the remaining steps. At any stage, after a 
few atoms have been found, a check on their validity 
may  be obtained by calculating their mutual  inter- 
action point positions and testing the fit with the 
Patterson function, and the positions can often be 
improved by least squares as described later. 

I t  is always possible tha t  a spurious coincidence will 
be chosen as an Xn early in the procedure, with chaotic 
consequences which will soon dictate a fresh start.  If, 
however, the number of resolved or readily resolvable 

interactions, though perhaps sma]l, is sufficient to 
enable the successful consummation of the first three 
or four steps, it is highly probable tha t  a continuation 
of the procedure will converge to give the structure 
even when the general conditions of resolutions are 
so poor tha t  much reliance must be placed on intuitive 
matching. 

In  the application of the method to serine the 
positions of four atoms (and of their symmetrical  
equivalents) were already known, though there appears 
to be no reason why these positions could not have 
been found perhaps more easily by straightforward 
application of the method from the start .  Three steps 
of the method were carried out, with the origin of P 
at  atom 2' and tha t  of P* successively at  atom 1"% 
83 and 73, as shown in Figs. 3 and 4. These sufficed 
to give a good fifth atom, designated 11, as well as 
two atoms (9 and 10) which proved spurious on a 
check of calculated interaction positions against the 
Patterson function. The process was stopped at  this 
point because application of a priori  structural 
knowledge permitted the structure to be derived (see 
Fig. 4) and the remaining two carbon atoms, which 
had not been clearly indicated as multiple coincidences, 
to be located and checked against the Patterson 
function. Presumably, continuation through a few 
more steps would have indicated these atoms clearly. 

From the trial  structure (Parameters 01) the 
positions of all Pat terson interactions were calculated, 
and these were plotted on the Patterson layers. The 
fit was highly satisfactory, and the positions and shapes 
of nearly all peaks were fairly well explained. Only four 
interactions, all of which involved carbon atoms, failed 
altogether to lie on a region where the Patterson 
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function was positive. From the fit it could be con- 
cluded tha t  the trial  structure was correct beyond 
reasonable doubt in all significant details except for 
small errors in atomic position, of the order of 0.1 
or 0.2 A. 

Refinement  of positional parameters  

The steps and procedures tha t  were followed in 
refining the positional parameters are shown sche- 
matically in Fig. 1, and the parameters at  several 
stages of the work are listed in Table 1. The percentage 
numbers given in the structure-factor boxes in Fig. 1 
are percentage discrepancies (reliability factors), R. 

Refinement of fit to Patterson function 
In  previous determinations in this Laboratory it 

has been the usual practice to precede three-dimen- 
sional Fourier and least-squares t reatments  by a 
preliminary refinement of the trial structure by  
calculating structure factors for zones and making 
parameter  shifts with the aid of structure-factor maps 
and Fourier projections. In  the present case the degree 
of resolution of the three-dimensional Patterson func- 
tion was good enough to suggest the application of 
methods proposed in 1948 by Prof. Verner Schomaker 
and tested by himself and one of the present authors 
by application to the three-dimensional Patterson 
function for L-threonine. These methods amount to 
least-squares refinements of the fit of the structure to 
the Pat terson function. They are applicable only if 
the Pat terson function is sufficiently well resolved to 
indicate unambiguously the direction of movement of 
a postulated interaction toward an observed Patterson 
peak. 

Two different modes of approach were then tried. 
In  the first, all but  one of the atoms are fixed with the 
best values of the parameters available at the t ime; 
the position of the remaining atom is varied in such 
a way as to best improve the fit of the interactions 
involving tha t  atom to the peaks on which these inter- 
actions lie. Observational equations are written for 
each interaction, and these are summed in the usual 
way to obtain normal equations which are solved to 
give the shifts (Axe, Aye, Azi) required of tha t  atom. 
The new positions for tha t  atom are substi tuted for 
the old in the recalculation of the positions of the 
interactions, and the procedure is repeated for another 
atom. The method may  be applied over a number of 
cycles, until it converges. If the starting parameters 
are very crude, the judgment as to which way a given 
interaction should be moved in order to improve the 
fit may  change in some cases during the early stages, 
particularly if the conditions of resolution are not good. 
In  the present instance the method was carried through 
one complete cycle (in the order 01, 03, Oa, N, C 1, 
C~, Ca) to give Parameters 02, and was not carried 
further because there seemed to be no case in which 

a change in judgment regarding the best position for 
each interaction was justified. 

The second method of approach, which is the pre- 
ferred one if good judgment as to the best positions 
of all or nearly all interactions can be made, is as 
follows: Observational equations are written for all 
or nearly all interactions, each equation corresponding 
to a desired shift in one coordinate of the position of 
an interaction if the peak on which the interaction 
lies is resolved, or to simultaneous shifts in two or 
more interaction coordinates if the peak is not resolved. 
The observational equations are rewritten in terms of 
the desired atom shifts, so tha t  each equation contains 
at least two atomic parameter  shifts. Weights are 
assigned to the observational equations and normal 
equations are obtained and solved in accordance with 
the least-squares procedure. This method has the 
advantage over the first described in tha t  off-diagonal 
matr ix elements connecting different atomic coor- 
dinates are not neglected. In  the present work ]35 
observational equations were written and solved to 
obtain the 21 atomic parameter shifts. 

I t  will be seen from Table 1 tha t  the interatomic 
distances obtained from Parameters 03, which are the 
parameters following the two refinements of the fit 
to the Patterson function, are within a few hundredths 
of an ~ngstrSm unit of the values expected from 
previous structural work on amino .acids; the mean 
difference between the distances obtained and those 
expected is about 0.04/~ (taking as the expected 
distances 1.24/~ for carboxyl C-O, 1-53 for C-C, 1.47 
for C-N, 1.43 for hydroxyl  C-O). This agreement 
appeared to be sufficiently good to justify the initiation 
of three-dimensional least-squares and Fourier refine- 
ment  procedures. Therefore, the entire set of structure 
factors (hydrogen atoms omitted) were calculated from 
Parameters 03. The calculation of structure factors 
(and of structure factor derivatives for the least- 
squares operations) was done with punched cards 
(Donohue & Schomaker, 1949). The percentage 
discrepancy, R, was 18.9%, and appeared to be low 
enough to provide additional justification for the 
initiation of three-dimensional least-squares and 
Fourier refinement procedures. 

Least-squares refinement 
Two successive least-squares refinements were 

carried out in three dimensions by the procedures 
outlined by Hughes (1941). 

In the case of threonine (Shoemaker et al., 1950) 
the complete normal equations were solved, and the 
parameter shifts, which averaged 0-007/~, were found 
to differ from those obtained with neglect of the off- 
diagonal matrix elements by an average of 0.002/~, 
or about 30 % of the mean shift. At  the stage of re- 
finement of the threonine parameters where the least- 
squares t rea tment  was carried out the effect of the 
off-diagonal matrix elements was clearly negligible and 
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Table  1. Atomic positional parameters for molecule M 
Parameters* 01 03 05 08 09 (Final) 

C 1 x 0.2442 0-2523 0.2509 0.2519 0.2514 
y 0.4050 0.4023 0-4054 0.4040 0.4047 
z 0.1567 0.1753 0.1706 0-1703 0.1704 

C 2 x 0.2600 0.2570 0.2548 0.2546 " 0.2547 
y 0-2813 0.2817 0.2788 0.2790 0.2789 
z 0.3907 0.3913 0.3806 0.3810 0.3808 

C a x 0.3863 0.3867 0.3886 0.3884 0.3885 
y 0.2157 0-2160 0.2098 0.2101 0.2100 
z 0.4573 0.4613 0.4712 0.4718 0.4715 

x 0.1577 0.1527 0.1530 0.1534 0.1532 
y 0-1700 0-1670 0-1684 0.1687 0-1686 
z 0.2487 0.2500 0-2455 0.2464 0.2460 

O 1 x 0.1642 0.1633 0.1627 0.1635 0.1631 
y 0.4050 0-4020 0.4020 0.4022 0.4021 
z --0.0800 --0.0700 --0.0693 --0.0675 --0.0684 

O 2 x 0.3333 0"3337 0.3344 0.3335 0.3340 
y 0.5100 0.5063 0.5050 0.5058 0.5054 
z 0.2500 0.2420 0.2543 0.2523 0.2533 

O a x 0.4292 0.4297 0.4319 0.4313 0.4316 
y 0.1760 0.1697 0.1680 0.1686 0.1683 
z 0.2160 0.2240 0.2306 0-2282 0.2294 

Distances 
CI-O 1 - -  1.29/~ - -  - -  1 " 2 6 8  A 

Ct-O, - -  1.27 - -  - -  1.261 
C1-C a - -  1.51 - -  - -  1.528 
C~-C a - -  1.46 - -  - -  1.513 
C2-N - -  1-54 - -  - -  1.491 
C 3 - O  3 - -  1 . 4 2  - -  - -  1.425 

Hydrogen-atom parameters 

x y z 
I-It(Cg. ) 0.2336 0.3222 0.5728 
H~.(Ca) 0"3858 0-1147 0"6056 
Ha(Ca) 0.4572 0.2889 0.5994 
Ha(N ) 0.1562 0" 1182 0.0699 
1=I5 (N) 0" 1560 0.0988 0.4076 
H6(N ) 0.0692 0.2232 0-2122 
H7(03) 0.3990 0-0708 0.1704 

* See Fig. 1 for the stage of the refinement at which the parameters were obtained. 

i t  was conc luded  t h a t  for t h r e e - d i m e n s i o n a l  work  
these  e l e m e n t s  can in  genera l  be safely neg lec t ed  
(except  for those  connec t ing  d i f fe rent  coord ina tes  of 
t he  s ame  a t o m  w h e n  t h e  la t t ice  is n o t  o r thogona l )  
wi th  a c o n s e q u e n t  ma te r i a l  r educ t i on  in c o m p u t a t i o n a l  
work.  This  conclusion seemed  also to  be jus t i f ied  on t he  
theore t i ca l  g rounds  t h a t  since t h e  t e r m s  which  a d d  to  
give t he  off -diagonal  m a t r i x  e l emen t s  are  abou t  as 
o f ten  nega t ive  as pos i t ive  these  e l emen t s  will be 
smal le r  by  an  order  of m a g n i t u d e  t h a n  t he  d iagona l  
ones. Moreover ,  a leas t -squares  t r e a t m e n t  wi th  neglec t  
of off -diagonal  t e r m s  is closely relate.d, or pe rhaps  
equ iva len t ,  to  one s tep  or cycle in t he  ' m e t h o d  of 
s teepes t  descents '  of Boo th ,  and,  excep t  for we igh t ing  
factors,  to  a single s tep  of Four ie r  r e f i n e m e n t  (Cochran, 
1948); in t he  Four ie r  m e t h o d ,  w h e n  carr ied ou t  in 
th ree  d imens ions ,  t he  p e a k  pos i t ions  (corrected for 

non -conve rgence  b y  t h e  'back-sh i f t '  m e t h o d  (Booth,  
1946)) are  expec t ed  to  g ive  a tomic  pos i t ions  which  
differ f rom those  u l t i m a t e l y  ob t a inab le  by  a m o u n t s  
t h a t  are smal l  in p r o p o r t i o n  to  t he  m a g n i t u d e s  of t h e  
shifts  o b t a i n e d  in t he  one s tep  in  consequence  of t he  
fact  t h a t  a toms  are reso lved  in  t h r e e  d imens ions .  

However ,  since in t h e  p re sen t  case t h e  leas t - squares  
m e t h o d  was app l ied  to  p a r a m e t e r s  (03) tha~ a p p e a r e d  
to  be in  error  (a priori) by  a b o u t  0.03 J (  on t he  
average,  and  since i t  seems clear t h a t  t h e  e x p e c t e d  
errors due  to  neglec t  of of f -d iagonal  m a t r i x  e l e m e n t s  
are p ropor t iona l  to  t h e  average  m a g n i t u d e  of t he  shifts  
ob ta ined ,  t h e  effect  of neg lec t ing  off -d iagonal  m a t r i x  
e l emen t s  in one leas t -squares  s tep  m i g h t  aga in  be 
e x p e c t e d  to  give p a r a m e t e r s  t h a t  are  in error  by  an 
average  of a b o u t  0 .01 /~  wi th  respec t  to  t he  u l t i m a t e  
p a r a m e t e r s  ob ta inab le  w i th  t he  da ta .  However ,  a 
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repetition of the procedure should be expected to 
reduce by the same ratio the errors starting from neglect 
of such elements. In  fact, a direct correspondence can 
be drawn between the procedure (I) of carrying out 
a succession of N least-squares refinements with 
neglect of off-diagonal matr ix elements, and the proce- 
dure (II) of carrying out a single least-squares refine- 
ment  without neglect of any matr ix elements and 
solving the normal equations by iteration through N 
successive approximation steps where, in the nth 
iteration step, the equations, before being solved, are 
simplified by substituting the results of the ( n - 1 )  step 
(or zeros, if n = I) into the terms corresponding to 
all matr ix elements tha t  would have been neglected 
in the first procedure. The correspondence is exact ff 
in the first procedure the structure-factor derivatives 
are not recalculated and if the new values of the 
calculated structure factors to be used in each step 
are calculated with the use of the previous shifts and 
the structure-factor derivatives (in other words, if the 
problem is treated as if the observational equations 
were linear in the parameters), provided further tha t  
the signs assigned to the observed structure factors 
are not changed while this procedure is being carried 
out. Under such conditions the first procedure is 
probably the most economical of computational effort 
if the number, 2V, of steps is limited to, say, two or 
three, for the time and labor required for the com- 
putation of all off-diagonal matr ix elements is con- 
siderable. 

In  the present case the average of the shifts obtained 
in the first least-squares step is 0.018/~, which may  
presumably be taken as a good measure of the average 
deviation of the starting parameters (03) from the ones 
ult imately obtainable at  convergence of the procedure. 
The average of the shifts in the second least-squares 
step is 0.0056 A, or 30 % of the average of the first 
shifts; the value 0.0056 X is presumably a good 
measure of the error introduced in the first step by  
the omission of off-diagonal matr ix elements, and the 
percentage figure presumably applies to the second 
step. From this it can be inferred tha~ omission of off- 
diagonal matr ix elements resulted in an average error 
of about 0.0017 A in Parameters 05. This average 
error is negligible in comparison with other errors 
which enter into these parameters as the result of 
errors in the experimental data. 

Three-dimensional Fourier refinement 
I t  is apparent from the discussion above tha t  no 

significant further improvement in parameter accuracy 
would be likely to result from additional least-squares 
refinement. On the other hand i t  seemed advisable to 
carry out a stage of refinement by another method 
subject to computational errors somewhat different 
in character f rom those to which the least-squares 
method is subject. Such a method is the three-dimen- 
sional Fourier method. As has been stated above, this 

method, when used with the back-shift rule, is 
theoretically equivalent to the least-squares method to 
first order, except in the mat ter  of weights, but  the 
two methods differ in computational technique and 
comparison of the results obtained affords a control 
on the magnitudes of computational errors. 

The starting point of the Fourier refinement was 
Parameters 04, which were obtained from the first 
least-squares operation. Two three-dimensional Fourier 
syntheses were prepared, one with the observed 
structure factors and the other with the calculated 
structure factors. In  each, all planes were included for 
which a non-zero value was found for the observed 
intensity. The computations were carried out by means 
of punched cards in the way described in connection 
with the Patterson function. 

The positions of the maxima in the observed and 
calculated electron-density functions were calculated 
by use of an analytical method involving least-squares 
(Carpenter & Donohue, 1950; Shoemaker et al., 1950). 
From these, which were designated Parameters 06 and 
07 respectively, new parameters, designated 08, were 
deduced by application of the back-shift rule whereby 
the shifts 04 to 07 were subtracted from the respective 
shifts 04 to 06 to obtain shifts corrected for effects 
due to peak overlap and termination of the series at  
a finite limit, and these shifts were added to the 
starting parameters, 04, to obtain the new ones, 08. 

A composite Fourier synthesis representing sections 
through atomic peaks in three-dimensional Fourier 
Synthesis 1 (computed with observed F's) is shown in 
Fig. 5. The peaks shown represent the carbon, nitrogen 

Y 
F 

( ~ 0 2  

C~_~ ~ C 3  

o 

. .I -g 

Fig. 5. Fourier sy'nt~hesis (composite). 

and oxygen atoms in one molecule, which is the one 
designated M in the drawings of the structure given 
in Fig. 7. 

Parameters 05, obtained from the second least- 
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squares refinement, and Parameters 08, obtained from 
the Fourier refinement, were found to be in very good 
agreement, the average difference being 0.006/~ and 
the maximum difference 0.013/~. 

Parameters 05 and Parameters 08 were assumed to 
be about equally precise and therefore were averaged 
with equal weight to give new parameters, which were 
designated 09. The standard deviation of the mean, 
as calculated from the root-mean-square difference 
between the two sets of Parameters 05 and 08, is 
0.0036/~. 

Hydrogen atoms 
Since visual intensity data and the assumed form 

factors are generally incapable of enabling precise 
values to be obtained for the hydrogen-atom para- 
meters in a structure of this kind, h3Tothetical para- 
meters were computed on the basis of previous 
knowledge of bond distances, bond angles and hydro- 
gen-bond distances. Hydrogen atoms were placed in 
such a way as to give bond angles as close to tetra- 
hedral as possible, and the distances were made to be 
1.09 A for C-H, 1.01/~ for N-H, and 0.97/~ for O-H. 
The molecule was assumed to have the Zwitterion 
structure, as in other amino acids the crystal structures 
of which have been determined, and therefore three 
hydrogen atoms were placed on the nitrogen atom. 
In view of the one rotational degree of freedom around 
the C-N bond, and the fact that  the nitrogen atom 
has three oxygen neighbors (in other molecules) at 
distances (2.79, 2.81 and 2.87/~) that  are in essential 
agreement with previously found N-H • • • 0 bond di- 
stances and at angles that  are not far from tetrahedral 
with respect to the C-N bond and to each other, the 
three hydrogen atoms were assumed to lie at positions 
that  are the average of positions lying on the N • • • 0 
lines and strictly tetrahedral positions adjusted with 
the one rotational degree of freedom so as to be as 
close to those lines as possible. The position assumed 
for the hydroxyl hydrogen atom was obtained in the 
same way, since the hydroxyl oxygen atom (03) has 
a carboxyl oxygen neighbor (in another molecule) at 
a distance of 2.67/~, which is in essential agreement 
with values previously found for O-H • • • 0 hydrogen 
bonds, and at an angle that  is not far from tetrahedral 
with respect to the hydroxyl C-O bond. The hydrogen- 
atom parameters obtained in this way are given in 
Table 1. 

Although precise values for the hydrogen-atom 
parameters cannot be obtained or checked ex- 
perimentally in work of this kind, it may be expected 
on the basis of experience that  small peaks corres- 
ponding to the hydrogen atoms should be present in 
the electron-density function calculated with the 
observed structure factors. No attempt was made to 
find hydrogen peaks on the function obtained in 
Fourier Synthesis 1, because it was anticipated that  
these small peaks would be partially obscured by 

effects due to overlap of the larger peaks and termina- 
tion of the series. In principle they should, however, 
appear on the difference Fourier obtained by sub- 
tracting the function obtained in Fourier Synthesis 2 
(which, being computed with calculated structure 
factors containing no hydrogen contributions, should 
of course contain no hydrogen peaks at all but should 
have much the same effects due to peak overlap and 
series termination as the function obtained in Syn- 
thesis 1) from the function obtained in Fourier Syn- 
thesis 1, if the experimental data are sufficiently 
precise and if the assumed form factors for the heavy 
atoms represent the shapes of those atoms well enough. 
Such a difference Fourier was prepared and examined. 
I t  was found to contain many irregular peaks, most 
of which could not reasonably correspond to the 
position of a hydrogen atom. However, all of the 
hypothetical hydrogen positions obtained as described 
above coincide roughly with peaks on the difference 
Fourier. This may be taken as partial confirmation 
of the assumed positions and as good evidence that  the 
assumed hydrogen bonding picture is essentially 
correct. Additional confirmation of the correctness of 
the assignment of hydrogen parameters was obtained 
later in the observation that  inclusion of the hydrogen 
atoms with these parameters in the computation of 
calculated structure factors resulted in significant im- 
provement in the agreement with observed structure 
factors. 

In order to determine whether or not additional 
refinement of the heavy-atom parameters should be 
carried out with structure factors containing hydrogen- 
atom contributions, a study was made of the effect of 
the omission of hydrogen atoms in the Fourier refine- 
ment. Since structure-factor calculations based on 
Parameters 09 showed that  the signs of only one or 
two very weak reflections were changed by the in- 
clusion of hydrogen atoms, the effect of the omission 
of hydrogen atoms on Parameters 08 was assumed to 
lie entirely in the back-shift corrections obtained with 
Fourier Synthesis 2. The amount by which the addition 
of a hydrogen peak to Synthesis 2 shifts the maximum 
of a heavy-atom peak at a given distance can easily 
be calculated from the known slope of the hydrogen- 
atom peak at that  distance and the known curvature 
of the heavy-atom peak. The shifts in all peaks were 
calculated in this manner; for each peak, only shifts 
due to hydrogen atoms bonded to the corresponding 
atom were taken into account. The parameter shifts 
obtained in this way were all 0.001 .~ or less. Hence 
the effects of the omission of hydrogen atoms from the 
Fourier refinement process can be considered negligible, 
and it can be reasonably inferred that  the same is 
true of the least-squares refinement. 

Final structure factors 
Two sets of structure factors were calculated from 

Parameters 09: Set 3 without hydrogens, and Set 4 
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Table  2. Observed and calculated (final, set No. 4) structure factors 

320.0 
- - 4 9 . 5  
- - 2 8 . 3  

5.0 
0-9 

- - 2 0 . 5  
16.9 

- -  7.9 
1.3 

- - 1 6 . 2  
40.4  
12.2 

6.4 
9.1 

- - 1 9 . 2  
- -  1.6 

3.3 
- -  0.4 

1.7 

- - 1 8 . 3  
5.9 

- - 1 6 . 0  
- - 4 5 . 5  
- -  5-4 

2.2 
26.0 

- -  2.2 
- -  8.4 

8.5 
- -  1.2 
- -  3.6 

3.2 

28.4 
- - 2 7 . 3  
- -  7.4 

14.0 
- -  6.1 

4-3 
- -  8.2 
- -  4 . 7  

- -  6.9 
1.6 
5.1 

- -  8.2 
27.2 

- -  2.4 
22-3 

1.4 
- -  6.8 

0.9 
2.4 
3.5 
0.6 
4.6 

- -  5-9 

6.7 
- -  0.2 
- - 2 8 - 0  

h /'o Pc 
4 12.6 - -  12.4 
5 20.5 17.6 
6 8.3 - -  7"6 
7 12.5 14.6 
8 4-3 3"0 
9 12.2 - - 1 3 - 6  

10 5.3 5.2 
11 0 1-0 

h60 

0 12.6 11.4 
1 7-5 - -  8.4 
2 12.4 11.9 
3 9.6 - -  9.6 
4 15.4 - - 1 5 . 1  
5 10.7 10.3 
6 8.0 7.1 
7 1-6 - -  1.4 
8 10.8 - - 1 1 . 5  
9 3-8 1.1 

10 1.3 - -  0.5 

h70  

1 8.7 9.0 
2 6"5 6"8 
3 19.2 - - 1 8 . 0  
4 8.0 7.1 
5 0 1.0 
6 3.3 3.4 
7 10.5 10.0 
8 2.8 - -  1.9 
9 2.0 - -  2.9 

hSO 

0 0 - -  0.2 
1 23.9 - - 2 2 . 2  
2 6-0 - -  7.2 
3 9.1 6.7 
4 1-9 1-8 
5 4.2 - -  3.7 
6 7.2 6.1 
7 2.8 - -  2.2 
8 0 - -  0.7 

h90  

1 0 0.6 
2 0 - -  0.8 
3 6.2 6"0 
4 3.3 - -  3.0 
5 0 1.4 
6 1.3 1.1 
7 4.3 - -  8"3 

h,lO,O 

0 13.2 13.4 
1 4.1 4.3 

2 9.4 - 8.9 
3 1-4 O.2 
4 1.4 - -  1.4 
5 1-8 4.3 

h01 

- - 1 2  5.2 7.1 
- - 1 0  4.6 3"7 
- -  8 8.6 - - 1 0 . 7  
- -  6 4 . 8  6 " 2  

- -  4 9 . 2  - -  9.0 
- -  2 31-5 - - 3 8 . 3  

0 2.1 1.5 

h F o  /vc 

2 22.6 22.4 
4 0 0.2 
6 25.6 23.6 
8 11.6 - -  8-9 

10 10.4 - -  13.4 

h l l  

- -  13 3.6 - -  9-4 
- -  12 4.8 - -  4.2 
- - 1 1  0 1.1 
- - 1 0  12.9 12.7 
- -  9 2.7 3.0 
- -  8 2.0 0"0 
- - 7  O" - - 3 . 1  
- -  6 10.1 8-2 
- -  5 8 . 5  - -  4 . 8  

- -  4 6 . 9  - -  5.9 
- -  3 38.0 40.4  
- -  2 34.6 32.6 
- -  1 21-6 - - 2 0 . 5  

0 51.8 - - 5 7 . 6  
1 5.2 2-3 
2 19.6 - - 1 9 . 0  
3 12.6 - -  9.2 
4 6"0 5.6 
5 6.0 - -  6-7 
6 18.2 19.4 
7 6.2 - -  5-0 
8 3.1 - -  2.2 
9 8.4 10.1 

10 7.2 6.8 
11 0 - -  2.6 

h21 

- - 1 2  0 2-3 
- - 1 1  3-9 3.2 
- - 1 0  2.6 2.9 
- - 9  0 - - 1 . 8  
- -  8 6 . 2  - -  7.3 
- -  7 20-7 - - 2 0 . 6  
- -  6 1-9 0-4 
- -  5 3-6 2.7 
- -  4 29-0 27.7 
- -  3 23.8 24.4  
- -  2 30.0 - - 3 5 . 7  
- -  1 1 7 . 9  - -  16.8 

0 33"9 31-8 
1 24.6 24.6 
2 7.4 8-2 
3 23.7 24.8 
4 25.0 - - 2 5 . 3  
5 22.1 - - 2 1 - 3  
6 10.8 - - 1 0 . 0  
7 13.4 - - 1 2 - 5  
8 18.4 20.5 
9 3.6 3.4 

10 4"9 - 5'3 
11 0 - -  0.3 

h31 

- -  12 1-3 - -  1.4 
- - 1 1  9.9 10.3 
- -  10 5.0 - -  7.4 
- -  9 1 - 7  - -  2 - 1  

- -  8 6 . 4  7 . 6  

- -  7 1 8 . 4  - -  1 8 . 7  

- -  6 8.7 8.8 
- -  5 23-6 22.3 
- -  4 23"0 - - 2 1 . 8  
- -  3 24.4 - -  25.6 

h 

- -  2 

- -  1 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

- - 1 2  
- - 1 1  
- - 1 0  
- -  9 

- -  8 

- -  7 

- -  6 

- -  5 

- -  4 

- -  3 

- -  2 

- -  1 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9. 

10 
11 

- - 1 1  
- - 1 0  
- -  9 

- -  8 

- -  7 

- -  6 

- -  5 

- -  4 

- -  3 

- -  2 

- -  1 

0 
1 
2 
3 

4 
5 
6 
7 
8 
9 

10 

- - 1 0  
- -  9 

- -  8 

- -  7 

5.7 
32-3 
10.2 
29-2 

8.3 
26.8 

6.7 
9-9 
3-8 

13.6 
11.1 

6-9 
5.5 
6.6 

h41 

3.2 
6.8 
4-4 
2.8 

10.4 
8-8 
6.2 
3.7 

20-6 
1-2 
3"0 

26.2 
28.2 

7.8 
24.4 
20.8 
15.5 
10-3 

4.2 
13-8 

1-7 
4-3 
4.1 
2.8 

h51 

0 
3"3 
0 

10-6 
3.8 
5-0 

12.4 
9-9 
8.3 

11-4 
6.3 

18-6 
14.9 
14-6 

20"3 
10.0 
13.7 

4.4 
13.9 

6-0 
0 
2.9 

h61 

7-5 
1-8 
4.4 
3-3 

5-9 
- - 3 8 - 4  

8"2 
32-9 

- -  6"2 
24-8 

4"3 
- -  9"2 

4-2 
13"0 

- - 1 1 - 2  
- -  6"5 

5-5 
- -  9"4 

- -  5"1 
7"3 
5"6 

- -  2-9 
- - 1 2 - 2  

7"4 
4"9 
3"9 

20"9 
- -  0"6 

1"4 
- -21"5  
- - 2 6 - 1  

4"6 
20"5 

- - 1 9 " 8  
- - 1 4 - 0  

8"7 
- -  3-2 

13"8 
2-0 
4-2 
3"5 

- -  9"7 

2"7 
- -  3"0 
- -  0 - 7  

- -  9 " 7  

- -  3-1 
4-2 

14"0 
- -  1 0 " 0  

- -  8"4 
10-4 

5"1 
17-1 
15"1 

3"2 
-19"1 
- - 1 1 . 2  
- - 1 5 . 3  

4.1 
14-1 

- -  5-5 
- -  1 - 6  

- -  3.7 

8.7 
2-0 
3.6 
4-7 



D A V I D  P .  S H O E M A K E R ,  R O B E R T  E .  B A R I E A U ,  J E R R Y  D O N O H U E  A N D  C H I A - S I  L U  251  

- -  6 1 2 . 4  - -  13.4 
- -  5 4 . 3  3 . 0  

- -  4 7 . 5  - -  6 . 2  

- -  3 1 4 . 1  - -  14-2 
- - 2  0 - - 0 . 4  
- -  1 12.3 10.5 

0 8.9 - -  7-7 
1 4.2 - -  2.5 
2 11.0 11.2 
3 5.6 5.5 
4 9.7 11.2 
5 5.8 - -  3-2 
6 1.7 0.4 
7 0 - -  1-3 
8 3-6 - -  2-1 
9 3"9 - -  4-9 

h71 

- - 1 0  3.4 4.8 
- - 9  0 - - 0 . 6  
- -  8 3.6 3.4 
- -  7 7 . 0  - -  7 . 9  

- -  6 6 . 8  - -  5 . 4  

- -  5 1 8 . 5  1 9 - 7  

- -  4 1 6 . 0  1 6 . 4  

- -  3 6 . O  - -  3 - 5  

- -  2 1 5 . 6  - -  14.4 
- -  1 0 - - 2 . 1  

0 10.5 - - 1 0 . 4  
1 1-6 - -  3.9 
2 2.2 - -  1.8 
3 3.6 2-4 
4 7.1 6.3 
5 5"8 - -  6.0 
6 3-3 - -  4 .0  
7 6.7 7.1 
8 7.8 9.9 
9 2.2 - -  7.1 

h81 

- -  8 6 - 4  - -  5-8 
- -  7 6 . 6  - -  5 . 1  

- -  6 3 . 9  3 . 2  

- -  5 5 . 7  - -  6 - 8  

- -  4 1 0 . 0  8 . 8  

- -  3 6 . 8  7 . 5  

- -  2 6 . 8  - -  6 . 6  

- -  1 11.4 12.4 
0 1.7 2.5 
1 3-9 - -  2.9 
2 5.9 5..7 
3 3.2 - -  4.5 
4 12.6 - - 1 2 . 6  
5 7.9 6.1 
6 0 --  2-0 
7 7.6 - -  5.9 
8 1-6 7.2 

h91 

- - 7  0 - - 2 . 0  
- - 6  0 - - 0 . 3  
- -  5 6 . 8  - -  7.0 
- -  4 4 . 4  3 . 9  

- -  3 2 . 5  2 . 1  

- -  2 9 - 0  - -  8 - 8  

- -  1 1 4 . 3  - -  13.5 
0 6.4 4.8 
1 14.2 15.2 
2 0 2.5 
3 2-8 2.5 

Table 2 (cont.) 

h Fo F¢ 
4 0 0.5 
5 2.2 - -  2.4 
6 5.0 - -  5.0 

h ,10,1 

- -  5 5.3 5.3 
- -  4 8 . 8  9 . 1  

- -  3 1 0 . 9  - -  1 1 . 8  

- -  2 9 - 6  - -  9 . 5  

- -  1 2.2 1.6 
0 2-8 1.7 
1 3-2 - -  2.4 
2 2-8 2.4 
3 0 - -  0.7 
4 4.2 - -  5.3 

- - 1 2  
- - 1 0  
- -  8 

- -  6 

- -  4 

- -  2 

0 
2 
4 
6 
8 

10 

- - 1 3  
- - 1 2  
- - 1 1  
- - 1 0  
- -  9 

- -  8 

- -  7 

- -  6 

- -  5 

- -  4 

- -  3 

- -  2 

- -  1 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

h02 

6.7 
18.8 

5.2 
2.5 
4.6 

10.1 
29.5 
14-3 

3.6 
2-1 

11.5 
4.0 

h12 

4.0 
2.0 
3-4 

10.5 
4.2 
2.6 
8.5 

19.3 
26.3 
12.2 
41.2  
21-4 

6-9 
10.0 
18.5 

6.2 
21.8 

8-3 
0 
9.8 

16.4 
4.8 
6-5 
3.3 

h22 

1.3 
0 
9.2 
6-6 
7.4 
4.4 

21.0 
2.0 
4.2 

10.6 
7"0 
5.7 

23.1 

- - 1 3  
- - 1 2  
- - 1 1  
- - 1 0  
- -  9 

- -  8 

- -  7 

- -  6 

- -  5 

- -  4 

- -  3 

- -  2 

- -  1 

- -  7.4 
21-1 

3"9 
- -  2.5 

6.2 
- - 1 2 . 5  
- - 3 3 " 0  

12.2 
- -  1.9 
- -  0"3 

12.4 
5.2 

- -  3 - 8  

- -  1 . 4  

- -  4.4 
- - 1 0 - 5  

7.6 
2.9 

- -  8.8 
18.2 

- -  24.5 
9.7 

45.1 
- - 1 5 - 4  
- -  5.3 

7.6 
- - 1 6 - 3  
- -  6.4 

21-1 
- -  9.7 
- -  0 . 5  

- -  9.4 
- - 1 9 . 1  

5.0 
7-8 
4.2 

1.6 
- -  0.5 

9.7 
- -  5.3 

5.8 
- -  5.2 
- -  22.6 
- -  3.1 

3.8 
9.1 

- -  4.8 
5.3 

- - 2 1 . 4  

h Fo Fc 
0 10-4 - -  7 . 9  
1 14.1 13.0 
2 15.9 14.8 
3 21.1 23.3 
4 2-1 - -  0.5 
5 12.0 --10-.3 
6 3-7 - -  4-7 
7 7.2 6-0 
8 4.4 - -  4 .4  
9 2.0 0.6 

10 1.7 - -  0.8 

h32 

- - 1 2  2.2 - -  1 . 3  

- - 1 1  1-3 1.0 
- - 1 0  4.2 3.8 
- -  9 9-8 9-1 
- -  8 1 2 - 3  - -  1 0 - 4  

- -  7 1 3 - 2  1 1 . 5  

- -  6 1 5 . 2  1 5 . 0  

- -  5 6 . 0  - -  4.4 
- -  4 24.9 - -  20.0 
- -  3 7 - 4  - -  5-5 
- -  2 29.2 23.9 
- -  I 1 5 - 4  - -  13.8 

0 7.0 - -  5.3 
1 0 - -  2-9 
2 3.4 - -  4.4 
3 6.9 - -  4.5 
4 10.5 - -  9.2 
5 0 0-9 
6 15.8 18.6 
7 8.9 9.5 
8 10.3 - -  9-8 
9 5-5 7.0 

10 1.6 2.6 

h42 

- -  1 2  1 . 9  - -  5-0 
- - 1 1  9.5 - -  8.8 
- - 1 0  1.5 0.0 
- -  9 5.4 5.2 
- -  8 7 . 4  8 - 6  

- -  7 3 - 9  2 . 8  

- -  6 1 8 - 5  - -  1 9 . 7  

- -  5 6 . 8  6 - 8  

- -  4 2 . 0  1 . 2  

- -  3 9 . 3  8 - 4  

- -  2 2 1 . 7  1 9 . 9  

- -  1 4.1 3.0 
0 1.5 - -  3.2 
1 8-1 - -  8.1 
2 0 - -  1-5 
3 2.4 0.6 
4 8"8 8-0 
5 10.5 --10-5 
6 11-2  --13-9 
7 0 - -  0.9 
8 2.9 3-5 
9 0 1.8 

h52 

- - 1 2  0 1-4 
- -  1 1  5 . 4  - -  5.7 
- - I 0  0 0-2 
- -  9 4.3 3.6 
- -  8 9.5 7.5 
- -  7 20.3 - -  19.6 
- -  6 1 1 . 1  - -  9.0 
- -  5 1 6 - 8  1 7 . 5  

h Fo Fc 
- -  4 1 1 . 6  - - 1 0 . 3  
- -  3 0 1 . 1  

- -  2 6 . 6  - -  6.1 
- -  1 0 - - 1 - 4  

0 8.8 7.2 
1 "9.3 - -  6-6 
2 1.3 0-8 
3 19.8 20.8 
4 8.9 10.9 
5 14-1 - - 1 3 . 4  
6 2-8 0-4 
7 2.6 1-6 
8 3.0 - -  3-4 
9 3-2 - -  6.2 

h62 

- - 1 1  1.8 3.2 
- - 1 0  6.0 5-9 
- -  9 2 . 3  - -  3.1 
- -  8 1 4 . 2  1 4 . 3  

- -  7 2 . 6  - -  2 . 4  

- -  6 1 4 . 0  - -  14.3 
- - 5  0 - - 0 . 7  
- -  4 10-0 9.2 
- -  3 2 . 6  3 - 1  

- -  2 6 - 8  4 . 8  

- -  1 0 2.8 
0 26-1 - - 2 8 . 1  
1 0 - -  1.6 
2 4.0 - -  3.0 
3 9-1 - -  7.9 
4 16.1 18.9 
5 6.5 6"6 
6 8-1 - -  8.0 
7 1.8 2-1 
8 1.8 3.9 

h72 

- - 1 0  0 0.5 
- -  9 3-1 3.9 
- -  8 4 - 0  - -  4 . 0  

- -  7 5 . 4  - -  5 - 3  

- -  6 0 0 - 8  

- -  5 9 . 2  - -  9 . 4  

- -  4 1 8 - 2  1 9 . 4  

- -  3 1 0 - 4  1 1 - 3  

- -  2 8 . 8  - -  7.5 
- -  1 0 - - 0 - 4  

0 4-6 - -  4.8 
1 4 .4  5.2 
2 6-5 5.3 
3 0 0-7 
4 6.9 - -  7.1 
5 3.6 - -  5-6 
6 8.3 - -  8-9 
7 3.4 - -  3.8 

h82 

- -  9 1 . 6  - -  4.0 
- -  8 1 . 7  - -  1 . 9  

- -  7 4 - 7  6 . 1  

- -  6 1 . 5  - -  2 . 0  

- -  5 3 - 7  - -  3 . 1  

- -  4 1 - 7  2 . 4  

- -  3 1 0 . 0  - -  1 0 - 8  

- -  2 2 . 8  2 - 8  

- -  1 4 - 1  - -  3-8 
0 0 - -  0-7 
1 10.7 12.2 
2 3-5 3.8 
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h ~'~ 
3 0 
4 0 
5 0 
6 2-1 

h92 

7 3"7 
6 6.9 
5 1.3 
4 7 . 8  

3 1.5 
2 1.8 
1 3-1 
0 0 
1 10-3 
2 0 
3 5.4 
4 1.1 

h ,10,2  

- -  4 1-0 
- -  3 5 . 6  

- -  2 1 . 1  

- -  1 3.2 
0 2.0 
1 4.4 
2 3.6 

h03  

- - 1 2  0 
- -  1 0  8 . 6  

- -  8 9.9 
- -  6 24.9 
- -  4 1 8 . 2  

- -  2 8 . 4  

0 9.8 
2 2.5 
4 7.5 
6 2.9 
8 0 

h13 

- - 1 2  4.7 
- - 1 1  1"3 
- -  1 0  8 - 4  

- -  9 4 . 9  

- -  8 1 3 . 9  

- -  7 8 . 0  

- -  6 5 . 2  

- -  5 2 3 . 1  

- -  4 8 . 6  

- -  3 4 . 4  

- -  2 1 8 . 8  

- -  1 1 6 . 8  

0 16-9 

1 10-2 

2 3.9 
3 5-3 
4 12.5 
5 9.0 
6 11-5 
7 7-2 
8 4.9 

h23 

- - 1 1  4.7 
- - 1 0  7.3 
- -  9 11.3 
- -  8 0 

2.1 
0.1 
1-0 
3.4 

4.3 
- -  6.1 

1.4 
7.4 

- -  1 . 0  

- -  2 . 0  

- -  4 - 6  

- -  0.9 
- - 1 0 - 2  
- -  0 . 7  

6-1 
1.4 

- -  2-0 
6"0 
2"2 
2-9 
2"8 

- -  4"9 
4"6 

0"7 
- -  8 " 2  

- -  9-7 
23"3 
17"2 

- -  6"0 
- -10"3  
- -  0"3 
- -  9 " 1  

- -  0"2 
0"3 

5"6 
- -  2"6 
- -  7"0 

2.3 
- -  14"6 

8-3 
5"6 

- - 2 2 - 2  
- -  7"5 
- -  2 " 8  

15"8 
16"0 
16"4 

- - 1 0 - 1  

- 3.4 
4-8 

- -12"6  
9"4 
9"7 

- -  6"9 
- -  5 " 9  

3-8 
6"0 

11"6 
2-4 

Table  2 (cont.) 

h Fo Fc 
- -  7 5-5 3.2 
- -  6 1 . 6  - -  2 . 1  

- -  5 6 . 8  4.6 
- -  4 23.6 - - 2 7 . 2  
- -  3 1 2 . 1  - -  9.4 
- -  2 2 1 . 2  1 8 . 7  

- -  1 1 1 . 4  - - 1 1 . 1  

0 3"7 3"0 
1 7.4 - -  7.1 
2 2.5 - -  1.7 
3 11.4 9.4 
4 1.3 0-1 
5 7-1 - -  4.9 
6 5-9 6.3 
7 6.8 7.0 
8 4.5 - -  5.5 

h33 

- - 1 2  0 1.6 
- - 1 1  13.0 - - 1 3 . 0  
- - 1 0  5.4 - -  6 . I  
- - 9  0 - -  1.0 
- -  8 7.2 6-2 
- -  7 1 2 - 4  1 2 - 4  

- -  6 4 . 5  5 . 6  

- -  5 1 . 1  2 . 8  

- -  4 8 - 1  - -  6 . 4  

- -  3 9 . 1  6 . 5  

- -  2 1 0 . 4  - -  9 . 1  

- -  1 12.2 12.9 
0 15.3 14.1 
1 20.7 - - 2 2 . 4  
2 7.3 - -  6.2 
3 4-8 - -  5.7 
4 2.2 1.9 
5 7.3 6.0 
6 2.0 - -  2.3 
7 2.8 - -  3.0 
8 0 0"8 

h43 

- - 1 1  3.4 - -  2.6 
- -  10 12.4 - -  12.4 
- -  9 7 . 1  5 . 9  

- -  8 15.5 17.6 
- -  7 21.4 - -  24.2 
- -  6 11.3 - - 1 0 . 9  
- -  5 5 . 1  3 . 7  

- -  4 8 - 7  - -  9 . 6  

- -  3 1 6 . 9  1 7 . 0  

- -  2 4 . 0  6 . 9  

- -  1 7.3 7-7 
0 5.4 4.9 
1 13.8 - - 1 1 . 4  
2 17.3 - - 1 6 . 4  
3 14.1 13.1 
4 19.7 21.7 

5 9.4 -- 8.2 
6 2.6 - -  3"1 
7 1.1 - -  2.2 
8 4.5 - -  6-7 

h53 

- - 1 1  6.2 7.8 
- - 1 0  7.3 7.3 
- -  9 1 . 8  - -  1.5 
- -  8 1 . 9  1 . 9  

- -  7 1 . 4  - -  0 - 4  

- -  6 1 . 4  - -  0 . 4  

- -  5 5 . 5  - -  7 . 5  

h /~o /~  
- -  4 0 1-4 
- -  3 3 - 8  - -  4 . 0  

- -  2 3-9 0-5 
- - I  0 - - 0 . 1  

0 17.3 - - 1 6 . 0  
1 14.4 12-2 
2 0 0.6 
3 5.5 - -  5.0 
4 3.4 4-2 
5 1.3 0.5 
6 2.8 3.5 
7 0 0"0 

h63 

- -  1 0  6 . 9  - -  8 . 4  

- -  9 4 . 7  - -  3 . 6  

- -  8 6 . 0  6 . 5  

- -  7 1 2 - 8  1 1 - 2  

- -  6 2 . 8  2 . 3  

- -  5 8 - 3  - -  6 . 2  

- -  4 • 4 . 4  3 . 6  

- -  3 4 . 4  - -  2 - 5  

- -  2 7 . 4  7 - 2  

- -  1 3 . 9  - -  4.0 
0 0 - -  0-9 
1 13.6 9-4 
2 13.2 - - 1 2 . 9  
3 4.3 - -  3.9 
4 5.7 3.4 
5 3-5 1.7 
6 6.3 - -  5.2 

h73 

- -  9 1 . 2  - -  2.2 
- -  8 3 . 7  - -  2 . 7  

- -  7 0 0 - 0  

- -  6 4 . 8  - -  5 . 4  

- -  5 4 - 5  4 . 2  

- -  4 4 . 0  4 . 2  

- -  3 8 . 0  - -  6 . 5  

- -  2 3 . 7  4 . 5  

- -  1 0 0.4 
0 3.3 3.1 
1 6.6 - -  3.5 
2 2.4 2-6 
3 8.4 8-3 
4 2.2 - -  2-2 
5 1.0 1.2 

h83 

- -  8 1 . 8  4.7 
- -  7 8 . 2  6 . 0  

- -  6 5 . 4  - -  3 . 8  

- -  5 0 0 . 8  

- -  4 9 . 3  - -  8 . 8  

- -  3 4 . 6  - -  4 . 1  

- -  2 6 . 8  5-1 

- 1  0 - 0 . 1  
0 4-5 3-2 
1 0 - -  1.7 
2 4.8 - -  3.5 
3 9.7 - -  8.4 
4 3.9 3.9 

h93 

- -  6 1 . 5  - -  2-6 
- -  5 1 1 - 9  - - 1 0 - 6  

- -  4 I . I  1 . 2  

- -  3 6 . 2  7 - 2  

- -  2 1 . 1  - -  0 . 7  

h 

- -  1 

0 
1 
2 

- - 1 0  
- -  8 

- -  6 

- - 4  
- -  2 

0 
2 
4 
6 

- - 1 1  
- - 1 0  
- -  9 

- -  8 
- - q  

- -  6 

- -  5 

- -  4 

- -  3 

- -  2 

- -  1 

0 
1 
2 
3 
4 
5 
6 

- - 1 1  
- - 1 0  
- -  9 

- -  8 

- -  7 

- -  6 

- -  5 

- -  4 

- -  3 

- -  2 

- -  1 

0 
1 
2 
3 
4 
5 

- - 1 0  

- 9  
- -  8 

- -  7 

- -  6 

- -  5 

- -  4 

- -  3 

- -  2 

- -  1 

0 
1 
2 
3 

Fo 
9-8 
3"3 
7"9 
4"5 

h04  

2"8 
15"6 
10"9 

8 " 8  

4"9 
12"2 

7"6 
17"0 

7-2 

h14  

2"2 
0 
0 
7"3 
9"4 
4-2 
5-4 

13-9 
15"3 

5"3 
10"5 
13"6 

5"0 
0 
4-1 
3-6 
4-7 
1"4 

h24 

7"8 
2"0 
7"0 
1"3 
2"0 
5"1 
2"9 
7"7 

10-0 
16"0 

5-2 
2-4 

15"2 
2"2 
3"6 
5"9 
0 

h34 

6"0 

3"5 
0 

10.4 
0 
0 
6-2 
5.4 
7.6 
7.1 

10.7 
4.6 
8.6 
4-4 

9-1 
- -  3-4 
- -  8 - 0  

4-4 

3-7 
- - 1 9 - 8  

11-9 
- -  8 - 4  

5.8 
16-2 

7-6 
- -  23-2 

7-4 

- -  3-6 
- -  1 - 7  

- -  2.0 
8.0 
9.6 

- -  4-1 
4-9  

- - 1 4 . 8  
- -  19-4 
- -  6-6 

10.0 
15-3 

- -  4 . 8  

0.1 
- -  3 . 8  

5-6 
4-6 

- -  2-0 

- -  9 " 5  

- -  3-2 
8.1 
0.7 

- -  2.7 
6.2 
2.2 
6.1 

11-5 
- - 1 6 - 9  

5 .6  
1.2 

- -19 -1  
- -  2-0 

1.4 
5.9 

- -  0 - 1  

- -  6 - 3  

- 4 . 4  

- -  1-2 
- -  8-4 

1-0 
- -  0.3 

4-1 
5 .8  

- -  5-4 
7.8 
7-9 
7-1 

- -  8 - 4  

- -  5 . 9  
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h Fo Fc 
4 1-8 0-9 
5 2 .6  - -  3 .0  
6 3-0 3-8 

h 4 4  

- - 1 0  2.7 1.9 
- -  9 0 2.1 
- -  8 0 1 . 6  

- -  7 2 . 4  - -  1 . 5  

- -  6 5 . 3  4 . 5  

- -  5 4 " 5  - -  6"8  

- -  4 9"6  - -  I 0 " 0  

- -  3 2 . 4  - -  3"0  

- -  2 4-5 2-8 
- -  1 6 . 6  - -  6.2 

0 2 .8  1.8 
1 9 .0  9.9 
2 7-3 - -  5-3 
3 7.3 7.9 
4 0 - -  0 .9  
5 3-9 - -  3.1 

h 5 4  

- -  9 9 . 8  - -  9 . 7  

- - 8  0 - - 0 . 6  
- -  7 9 - 6  7 - 7  

- -  6 5.9 5 .6  
- -  5 7.3 8 .4  
- -  4 5 .6  5-8 
- -  3 8 . 7  - -  7 . 2  

- -  2 2 . 6  - -  3 - 2  

- -  1 11.8 - - 1 2 . 4  
0 0 - -  0 .4  

Table 2 (cont.) 

h Fo F¢ 
1 11.0 9 .4  
2 0 - -  1.2 
3 4-0  - -  4 .2  
4 1"8 - -  3.4 

h 6 4  

- - 9  0 - - 1 . 8  
- -  8 0 0.3  
- -  7 3 . 7  - -  3"6 
- -  6 3.2 2 .9  
- -  5 5 .6  4 .6  
- -  4 2 . 9  - -  3.4  
- -  3 3 . 2  - -  1 . 2  

- -  2 2 . 8  - -  0.3  
- -  1 4-7 4 .9  

0 14.0  16.7 
1 6.7 - -  6-2 
2 8.1 - -  8.2 
3 0 - -  1.1 
4 0 - -  2-2 

- -  8 

- -  6 

- -  4 

- -  2 

0 
2 

h05  

2 .2  
10"0 

9 .4  
11.3 

2-9 
4 .2  

0.9 
- -  9 . 7  

8.9 
- - 1 3 . 3  

3.5 
5.5 

- -  9 

- -  8 

h15  

3"6 3"5 
3"3 2"2 

h Fo Fc 
- -  7 2 . 0  - -  1 .6  

- -  6 7 - 2  - -  4 . 7  

- -  5 5.1 4 .6  
- -  4 10.4  8 .8  
- -  3 3 . 5  - -  2.8  
- -  2 9 . 1  - -  7 . 7  

- -  1 6 .5  5.1 
0 0 - -  3"6 
1 4 .2  - -  4 .4  
2 5 .8  - -  5 .5  
3 1.4 - -  2-2 

h25  

- -  9 0 1.1 
- -  8 6 . 4  - -  7 . 1  

- -  7 1 . 3  - -  1 . 5  

- -  6 0 0 - 4  

- -  5 8 . 0  - -  8-3 
- -  4 5.2 6.9 
- -  3 12.0  12.4 
- -  2 2 . 1  - -  1.0 
- -  1 0 - - 0 - 4  

0 3.1 - -  3"0 
1 0 1.1 
2 5.1 4 .9  

- -  8 

- -  7 

- -  6 

- -  5 

- -  4 

- -  3 

h 3 5  

0 - -  0 .2  
5"0 - -  6"3 
3 .6  4 .0  
3.2 4.1 
1-8 - -  2 .2  
0 - -  1-2 

h Fo F¢ 
- -  2 5 . 9  - -  6.6  
- -  1 10.2 - -  12.6 

0 6 .3  7.5 
1 8"3 12.1 

h45  

- -  8 1 . 8  - -  2.0  
- -  7 3 .0  2.7 
- -  6 4 .6  5 .0  
- -  5 0 0.6  
- -  4 4 .6  4 .8  
- -  3 2 . 1  - -  2.3  
- -  2 4 - 5  - -  5.4  
- -  1 0 - - 1 - 8  

0 0 - -  0"6 
1 3.8 - -  4 .9  

h55  

- -  7 1 . 5  - -  5.8  
- -  6 0 0 . 4  

- -  5 0 1 . 7  

- -  4 1 . 7  2 . 1  

- -  3 6 . 2  6 . 3  

- -  2 1 . 5  0 

- -  1 5 . 5  - -  4.1 
0 4 .8  7-2 

- -  4 

- -  3 

- -  2 

h 6 5  

4 .6  - -  8.7 
1-8 - -  3-7 
3-0 4.1 

with hydrogen-atom contributions out to about 
sin 0 = 0.6. The latter set is compared with the set 
of observed structure factors in Table 2. 

The average discrepancy between observed and 
calculated structure factors (with hydrogens) is 14.5 %. 
Inclusion of the hydrogen atoms reduced the percen- 
tage discrepancy for all planes from 15.2 to 14.5%. 
Within the range sin 0 ~ 0.6, in which hydrogen 
atom contributions were included, the percentage 
discrepancies without and with hydrogen atoms are 
respectively 13.6 and 12.1%. 

Final parameters and precision of their determination 
Since it appears that  the refinement procedures 

have converged, and since the omission of hydrogen 
atoms from the refinement appears to have no 
significant effect on the results obtained, Parameters 09 
have been taken as the  final positional parameters of 
the carbon, nitrogen and oxygen atoms, and as the 
basis for the calculation of all interatomic distances 
a n d  b o n d  a n g l e s  d i s c u s s e d  l a t e r  o n .  

Standard errors were calculated by the methods 
used for threonine (Shoemaker et al., 1950), the para- 
meter n being set equal to unity because of the 
presence of a center of symmetry. The mean standard 
errors in the least-squares parameters (05) due to 
experimental errors and form-factor errors alone were 
found to be 0.0063, 0.0056 and 0-0046/~, for carbon, 

nitrogen and oxygen respectively, and those in the 
Fourier parameters (08) were found to be 0.0052, 
0.0050 and 0.0042 A respectively. These figures re- 
present averages over the values for the standard 
errors in x, y and z parameters, and are in good agree- 
ment with one another. For reasons discussed in the 
threonine paper (Shoemaker et al., 1950) the mean of 
the least-squares and Fourier standard errors for each 
parameter were combined with the standard error of 
the mean parameters (09), 0.0036 A, in the sense of 
the root of the sum of the squares, to give the final 
standard errors which were found to be 0-0068, 
0"0064 and 0.0057 A, for carbon, nitrogen and oxygen 
respectively. These correspond to standard errors of 
0.012, 0-011 and 0.010 A in the positions of the 
respective atoms. The mean of the carbon, nitrogen 
and oxygen x, y, and z standard parameter errors, 
0.0063 A, corresponds to a standard error of 0.0089/~ 
in an interatomic distance. The corresponding probable 
error in a distance is 0.0060 A, and the corresponding 
limit of error (taken as three times the probable error 
or twice the standard error) is 0.018 A. 

D i s c u s s i o n  of the s tructure  

From the final parameters given in Table 1 (column 09) 
all important interatomic distances were calculated. 
Intramolecular interatomie distances and bond angles 
are given in Table 3 and intermolecular interatomic 
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Table 3. Intramolecular interatomic distances and bond 
angles 

Distance 
(A) 

C~-C~. 1.528' Hz(C2). 
C,-C~ 1.513 H~(C~). 
C~-N 1"491 HI(C~). 
C~O z 1"268 H~(C~). 
Cz-O~. 1.261 H~.(Ca). 
C~-O a 1"425 Hs(Cs). 

H~(C~). 
H~(C~). 

0 1  • . O 2 

N..0 z 
N . . O  a 
C z • .  O a 
O~. . C a 
O~ .H~(C~) 
O~ .Hz(C~) 
o~ .~r,(N) 
O z ,Hs(N) 
Ca .Ha(N) 
C a .H~(N) 
O3 .H~(CD 

2-25 
2"64 
3"01 
2-86 
2"88 
3"06 
2-70 
2-68 
2"51 
2-75 
2"63 
2"68 

Distance 
(A) 

. H~(N) 2.26 
• H~(N) 2-28 
.H~(Ca) 2.48 
.Ha(Ca) 2.38 
.Ha(N ) 2.97 
.Hs(N ) 2.38 
.H~(Oa) 2-18 
• H ~ ( O a )  2"81 

~_,~gle ( ° )  

Oz-C~-O 2 125.3 
O~-Cz-C ~ 117.4 
O~-Cz-C~ 117.2 
C~-C~-N 1 I0.0 
Ca-C~-N 111.1 
C~-Cz-C a 110.3 
C~-Ca-O a 112.0 

%~llla. ] III'. 

}.. 
< 

O " ~ 0  C'~o 

C£R 

', o ,~  ' "~-S~ ' 

>,#R %<%, 

} 

) 

BoT, Bo~o  Nto g 
CoT, CoTo 

o0 

Fig. 6. The serine molecule, showing bond distances and angles. 

distances (including hydrogen-bond distances) in 
Table 4. The molecule, with interatomic distances and 
angles, is shown in Fig. 6, and one unit cell of the 
structure (with a few additional molecules in sur- 
rounding unit cells) in Fig. 7. 

The intramolecular interatomic distances and bond 
angles contain no surprises; all distances are in essential 
agreement with those found earlier for other amino 
acids and related molecules. In particular the co- 
carbon-nitrogen distances of 1.49/~ is in essential 
agreement with the distances 1-49 A found for 
thre0nine, 1,50 A for alanine (after recent three. 
d i m e n s i o n a l  refinement), 1.48 and 1.50 J~ for hydroxy- 
proline, and 1.48 and 1.51 J~ for fi-glycylglycine. The 
agreement with the value 1.45 A reported for :N- 
acetylglycine is not as good, and it is possible that  
there is a real difference. 

Configurations around the C2-C a and Cg-N bonds 
are ethane-like (staggered). The hydroxyl oxygen 
atom, unlike that  in threonine, lies in what might be 
considered the least favorable of the three possible 
positions, being close to both the amino group and the 

Fig. 7. Two views of the structure. (a) View normal to the 
X, Y plane. (b) View along the b axis, in the direction of 
increasing y. 

carboxyl group. The carboxyl group is almost co- 
planar with the C2-N bond. Van der Waals contacts 
are, however, essentially normal; the distances from 
01 of the carboxyl group to the two close hydrogens 
of the amino group are 2.68 and 2.51 A, while the 
distance expected from conventional van der Waals 
radii is 2.6 A, though the O1-N distance of 2-61 A is 
somewhat shorter than the sum of the van der Waals 
radii, 2-9 _A. Contacts of 02 of the carboxyl group with 
H 1 on the c~-carbon and H a on the fl-carbon are 
respectively 2.70 and 2.68 A, both of which exceed 
the sum of the van der Waals radii. Hydrogen- 
hydrogen contact distances in the molecule are about 
equal to the expected distance, 2-4 A, except that  the 
position assumed f0r tt 7 0f the hydroxyl group is 0nly 
2.18/~ from H~ of the fl-carbon; however, the actual 
distance may be longer as this short distance was not 
taken into consideration in assigning the position of 
this hydrogen atom, the primary consideration being 
the hydrogen bend in which this hydrogen is involved. 
The ethane-like distances H : - H  5 and Hx-H 6 are 
understandably somewhat shorter than 2.4 J~. 

The environment of the molecule is shown in Fig. 7. 
I t  is apparent that  the amino nitrogen atom forms 
three hydrogen bonds; three oxygen atoms in three 
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Table 4. Intermolecular interatomic distances* 

From atom To :Equivalent 
(X) on . - . contact to Distance Angle 

molecule atom on molecule molecule~ X . . .  Y C - - X . . .  Y 
M (Y) (1) (2) (/~) (°) 

(A) Hydrogen-bond distance 

N O~. Boy o B 2.87 121 
N 0 2 BeT 1 B00l. 2.81 98 
N 03 Ayo o A 2.79 99 
O a el. Boio B 2.67 107 

(B) Hydrogen-bond contacts 

H4(N ) 0~. Boy o B 1.87 
Hs(N ) 0 2 Boil. Boo 1 1.82 
Hs(N ) 03 AT00 A 1.80 
H 7 (O 3 ) 01 BoI  o B 1" 70 

* See Fig. 7. 

(C) Other contacts$ 

In every case where the contact is from X on 
molecule (2). 

:~ All distances of 3.00 /~ or less, excepting those 

02  H7 B 
Ol. H 4 B 
Cl. H7 B 
Cl. H 4 B 
02  H2 Boo1 
Cl. H 2 Bool. 
Cl. H 5 Bool. 
Hi. H9 Bool. 
H 1 H5 Bool. 
H3 02 C001. 
H 2 H 7 CoTl. 
H 3 H 5 A 
C 3 H e A 
H a H 6 A 
H 7 H s A 

M t o  Y 

Boio 2.81 
B0y o 2-70 
B0i o 2.47 
Boio 2.56 
BoTl. 2.82 
Boyl. 2.81 
Boyl. 2- 67 
Boyl. 2.98 
Boi 1 2.78 
C00l. 2.86 
Coyl. 2- 82 
Ay00 2-75 
Ay0 o 2-66 
Ai00 2.49 
Ay00 2.59 

on molecule (1), the equivalent contact is from Y on M to X on 

parts (A) and (B), are given here. listed in 

different  ad jacen t  molecules are approx imate ly  a t  
three vertices of a regular  t e t rahedron  centered a round 
the  ni t rogen atom,  with the  c~-carbon a tom directed 
toward  the  four th  ver tex,  and  the  n i t rogen-oxygen  
distances are 2.87, 2.81 and  2.79 A. I t  was on the  
assumpt ion of hydrogen  bonds t ha t  the positions of the  
three hydrogen atoms,  H a, H 5 and H e of the  - N H  + 
group were assigned. The first  two hydrogen bonds 
are to carboxyl  oxygen a toms  Oe in molecules B0~o 
and  B0h respectively,  and  the  thi rd  and  shortest  is 
to a hydroxy l  oxygen a tom 0 a in molecule Ai00. The 
hydroxy l  group is appa ren t ly  involved in another  
hydrogen bond to a carboxyl  oxygen a tom 01 in 
molecule B0i0; the  distance to t ha t  a tom from Oa 
is 2"67 A, and  the  angle C a - O a " "  0z (B0i0) is ap- 
proximate ly  te t rahedra l .  As has been ment ioned 
earlier, the  position assumed for H v is based on the  
assumpt ion  of a hydrogen  bond. 

A tom 02 of the  carboxyl  group accepts two hydrogen 
bonds (2.87 and 2 .81/~  respectively) from amino 
groups of molecules B and  B00z, and a tom 0z of the  
carboxyl  group accepts one hydrogen bond (2.67 A) 
f rom the hydroxy l  group of molecule B. Atom Oa 
accepts one hydrogen  bond (2.79 A) f rom the  amino 
group of molecule A.  

The hydrogen  bonds ment ioned above, excepting 
the  one f rom the  amino group to the  hydroxy l  group, 
tie the  molecule into infinite sheets parallel  to the  
(010) face, the  molecules in a given sheet  being t ied 
together  somewhat  in the  sense of a dis tor ted graphite-  
layer  a r rangement .  The sheets are tied together  in the  
thi rd  dimension by  the  amino to hydroxy l  hydrogen 
bonds, which are p resumably  weaker  t h a n  the  other  
bonds (notwi ths tanding the  appa ren t ly  shorter  
distance) because the  hydroxy l  oxygen a tom has no 
formal  charge. This description appears  to be compa- 
tible with the  observat ion of cleavage on the  (100) face. 

Expec ted  van  der Waa ls  contact  distances are as 
follows, for comparison with the  distances given in 
pa r t  (C) of Table 4: 0 . - "  H,  2.6 J~; C ' - - H ,  2-7 or 
2.8 •; H • • • H,  2-4/~. All of the O • • • H and H • • • H 
distances listed in pa r t  (C) of Table 4 exceed these 
expected van  der Waals  contact  distances. Of the  five 
C - . .  H distances listed, two are definitely shorter  
t h a n  the  van  der Waa ls  sum;  however,  both involve 
a tom C 1 and hydrogens  which are hydrogen bonded 
to the  carboxyl  group of which C 1 is a par t ,  and,  
moreover,  some ad jus tmen t  in the positions of these 
hydrogen a toms  is permissable in view of the way  in 
which the  positions were assigned. 
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Eviden t ly  packing in the structure is good and all 
contacts are subs tant ia l ly  normal.  

We are indebted  to Prof. Verner Schomaker  for 
assistance with the  punched-card calculations for the 
Pat terson funct ion and for m a n y  useful suggestions 
and for s t imulat ing and helpful  discussions, and  to 
Prof. Linus Paul ing for his interest  in the work and for 
encouragement  and helpful  discussions. Miss Li l l ian 
Casler and Mrs Nan  Arp assisted with the compu- 
ta t ional  work and the preparat ion of the figures. This 
work was aided by  a grant  from the Nat ional  Founda-  
t ion for Infant i le  Paralysis.  
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The Crystal Structure of 4- isoPropyl idene-Aminophenol  

BY D. R. HOLMES* AND H. M. POWELL 
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The crystals obtained from a solution of p-aminophenol in acetone are shown to be a condensation 
compound, 4-isopropylidene--aminophenol (space group P22121, a ---- 5.74, b = 12-01, c = 12.16 A). 
A detailed crystal-structure analysis by means of Fourier syntheses of the electron density pro- 
jected perpendicular to the a, b and c axes is given. Bond lengths and bond angles in the molecule 
have been calculated and lie close to the accepted values (the standard deviation of a bond length 
is 0.04/~). The molecules of 4-isopropylidene-aminophenol are linked into infinite chains running 
parallel to the b axis by hydrogen bonds of length 2.66 A between the nitrogen and oxygen atoms 
of adjacent molecules. 

Introduct ion 

Caspari (1927) stated that p-amin0phen01 existed in 
two forms, an a-form crystall ized from ethyl  alcohol 
and  a E-form from acetone. Analysis  of samples of the 
two forms  prepared in the way  described showed tha t  
only the c~-form had  the appropriate  empirical  formula 
C6H~0N; the  empir ica l  formula of the  E-form was 
almost  exact ly  CgHlx0N, indicat ing tha t  the acetone 
had  reacted with the p-aminophenol.  The reaction is 
described in Beilsteins Handbuch (1929); condensation 

* Now at I.C.I. Plastics Division, Wel .wyn Garden City, 
Iterts., England. 

occurs and results in the formation of 4-isopropylidene- 
aminophenol :  

l-I0~ )--NH 2 + 0=C.//C~a -~ 
\ C H s  

O H ~  ) - - N = C . / / C H 3  H20 

\ C H ~  ÷ 

The structure analysis  of the  condensation product  
is described in the present paper;  a three-dimensional  
structure analysis  of the parent  substance has  been 
given by  Brown (1951). 


